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Abstract

Theory of categories has various applications in technology. There are mathematical
models that have been built using algebraic structures equipped with different tools of properties
from disciplines inside mathematics even inside algebra We are concentrated on the
applications of algebra in image processing. We have seen that basic relations and operations
between images, and other used in image compression, already have been described in terms of
categories and homomorphism of modules over quantales. They include relations and operations
between sets, set inclusion, union, intersection, used in mathematical morphology, and
operations, order relation, t-norms in image compression. Focused on the way how these
construction of categories of quantale modules are built up we want to show a new construction
of an algebraic model through categories as an application of algebraic structures, involving
issues from order theory, theory of modules and theory of categories in mathematical
morphology and image compression. We start from a model on the theory of categories and
theory of modules over a commutative ring. We think to combine the construction of a category
from an object with homomorphism of modules over quantales using as a model the same issue
over categories of modules and over the category of homomorphism of modules over rings. Our
intention is to open the way the study of properties of some important modules and their
homomorphism that are immediate objects in image processing, seeing them as categories on
their own not as a ssmple object of a category. Through this we want to import the properties
from the treatment existing now to investigate after other properties deriving from our point of
view.

Introduction

In image processing an image of grey-scale is modelled as a set of al functions from the
set of all pixelsto the unit interval [0, 1], it isamatrix and its elements represent a pixel whose
values are in the set {0, . . ., 255} in the case of a 256-bit encoding, those the “grey-level”,
where 0 corresponds to black, 255 to white and the other levels are as lighter as they are closer
to 255. The set {0, . . ., 255} is normalized by dividing each element by 255. It can be involved
the usual operations, the order relations, t-norms and so on.

Operators used in different tasks can be described in terms of homomorphism of modules over
guantales and that of the category of modules over quantales. Important modules, on which
these operators are defined, can be tracked as one of the objects of the category of modules over
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aquantale in their algebraic treatment and not only, it can be interpreted as a construction from a
category of another new one starting from a distinct object of the category.

We find the [0, 1]-modules [0, 1](%4 and [0,1]" in Lukasiewicz transform [4] ({[0, 1]1!,v,0)
and ([0, 1]",v ,0)) that are ¢)-modules over the cormmutative quantale ([0, 1],v,© ,0,1) (for short
[0, 1]-module [0, 1](* and [0, 1]-module [0, 1]", respectively). We show how we can treat
them into categories to prepare a way for further interpretation through homomorphism’s even
in factors.

Definitions and important elements

We bring here some definitions and propositions which we use to bring important
elements in our treatement.
A sup-lattice isaposet (L, =) which admits arbitrary joins.
Let @ be a non empty set in which 15 defined a partial order < and a multiplication
=) %) — @ withaunit element e.
A quantal is an algebraic structure @ = (Q,V,,, L) such that:
1. (@Q,V, 1) is a sup-lattice;
2. (0Q,) is a monoid;
3. Vx € Q. {yiher € Qs x- Vi ¥i = Viet(x * ¥ Vigr ¥i - x = Vi (3 - x).

() is said to be commutative if so isthe multiplication.

Let M be a non empty set in which is defined a partial order < and @ is a quantae. It is
also defined in M the algebraic oparation denoted by - that maps @ x M to M. This operation is
called the left multiplication in M with elements from Q.

Alefi Q-module is an algebraic structure (M; ) such that
(M, V, 1) is a sup-lattice;
V (g1, q2,m) € @ X M, (gy " g2) - m = gy * (g2 m);
VqgeQ {mie EM.q i Viggm; = HVEE: (f = m;:
V{qitie, €EQmeM, {QV:‘E; qG) m= "Vies 9, m:

. YmeM,e-m=m.

In 4 similar way can be defined the right @-module. Shortly, we can denote the left (-
module (the right 7-module) with oM, (Mg).

If a@-moduleisa left and right §-module it is simply called a @-module.

Let M and N be Q-modules.

A homomorphism (Q-homomophism) of Q-module M to Q-module N is amap f: M > N
such thet:

1. fViggmi) = Vig f(my), ¥V {m;}ig © M,
2. flg-m)=q fm).VYgeEQRQmeEM, (f(g-m)=q-f(m).Vg€EQ,meM,).

The set of all Q-homomorphism from M to N is denoted by Homy (M, N).

Let by, i € 1 be maps from @-module M to J-module N.

Union of by, § € [, denoted by L;¢,h;. is called a map L hi: M — N, defined by
(Ugerhi)(x) = Vg hi(x). forall x € M.

S AR

Proposition 1. If h; € Homg(M,N),i € I, than U h; is @ Q-homomorphism of M in
N. [5]
In asimilar way can be defined the right multiplication f - g.
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Proposition 2. If the map € Homg (M, N), and @) is a commutative guantale, than g - f
(f *q) € Homy (M, N), for all g € Q.[5]

Associating 1o all the wples (q,f) € @ x Homg(M,N), when ( is a commutative
quantale, the homomorphism q - f € Homg (M, N), we have

) X Homg (M, N) = Homg(M,N),

that is calied the lefi muldtiplication in- Homg(M,N) with elements from commutative
Quantale (.
Proposition 3. [f a quanta/ ¢ is commutarive and M, N are (J-modules, than the algebra
(Homg (M, N); +,7) isaleft Q-module (right )-module). [5]

Category of guantale-modules and categories from a quantale-module

Let Q be a quantale and let we considerate the set of all modules over the quantale Q.

By the properties of quantale-modules we see that, for the @-module M,, M,

) exist Homg (My, My) of all -homomorphism from M, to M,:

2) for all wpples (My, My, M3) of @-modules and for ell pairs of (J-homomorphisms
feHomg (M, M), geHomg (M;, M3) is defined their multiplication (the compeosition) g - f in
Homg (M, M3). as a composition of -homomorphisms (a usual map composition).

In these conditions, we have:

o V(M M), (M ,M)€ECXC;

(My, M3) = (M, Mzr} = Home (My, M;) n Hom, (M, M) =0
( Home (My, My) = Home (M, M, ));
o (associarive property) VfeHome (My, M3), YgeHame (M3, My), YheHome (Mg, M),
(hg)f = h(gf):
o (identity element) ¥ M, € C there exists Iy, € Homg (My, M) such that
V feHomge (M, M,),¥ geHome (My, M), f -1y, = [ andly g =g.

As a result of this the set of al @-modules is a category.

Given a quantale (). we denote M{f. and My the categories whose objects are, respectively,
the left O-modules and the right ¢)-modules, and whose morphisms are the @-module
homomorphisms. If  is a commutative quantale, than M,{, and My, are the same, so we denote
this category by M.

Given 2 category [3], by every object of it, we can construct 2 few one.

With an object M of the category M, we can construct a new oné Mﬂ.'-r' So. the objects are the
sets of morphemes Homg, oM, X) between M and X in M, and the morphisms from
HﬂmM-Q (M,X) in HGmMQ (M, Y are the morphism h: X = ¥, from Hﬂmm-g (X, Y), in My such
that, forell f:M — X and for &ll g: M - Y, thediagram in figure 3 is commutative
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Fig. 1. A morphism {1 1n M‘-’M

We see that, the set of movphemes HUIHH-Q[M.X)., in My is the set Homg(M,X) of Q-
homomorphisms from M to X. So, the object Homyg, (M, X) of the category My is the set
Homg(M, X). The set of morphisms from the object Homg, (M, X) to the object Homy(M,Y) in
MQM is HumM-QM (Homg (M, X), Homg (M, Y)).

If we take [0, 1](%Y or [0,1]" instead of the (-module M above we can construct these
respective categories:

M[U'I][Uylll':'-il and Mﬁ“-iilﬂ‘”" for MQM'

The objects of Mi“"][n o) 8re Homy 41 ([0, 11", N), the set of [0, 1]-homomorphisms

from the [0, 1]-module [0, 1] to a [0, 1]-module N.
The morphemes froms Hum[ull]{[il.1][U'”,X} 0 H”m[u.ll{[[]-1][U'1]:Fj are the
homomorphisms h: X — Y such that the disgram in figure 3 is commutative.

o
— h
~

\ .

[0,]lorn

Fig. 3. A morphism h in M[Urll[u o]

The objects of My, gy are Homyg 11([0, 1], X). the set of [0, 1]-homomorphisms from

the [0,1]-module [0,1]" to a [0,1]-module X, and in a sSimilar way can be described the
morphisms.

A connection between important quantal modules

Let f:X =Y bea @-module morphism ol X,¥ € ObModg and let Homy(M, X) and
Homg(M,Y ) for a fixed M. We can considerate the map Fy(f):h = f-h,Vh € Homy(M, X).

Itis clear that for the homomorphism Fy, (f):
1. FLH(;_KJ: h g ;x R h = h = .F‘H(;x_} — IFMtx.]
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2. Fy(g )W) =(g- ) h=g-(f-h)
= (Fu(@)(f 1) = (Fu (@) ((Fu(N)®))
= ((Fu(@) - (Fu(D)) (1) =

Fulg - f) =Fulg) - Fu(f).
Acordind to the theory of categories and functors[3], we can use Fy as a functor between
the category Moag and the category of abelian groups where we find objects of type
Homg (M, X) for afixed M and X € ObMod,.

Conclusion

In this treatment we operate through theory of categories and we argue that there are
categories of quantale modules and with an distinct object in it we can bring a new category. We
can operate with factors and use instead of quantal module M the [0, 1]-modules [0, 1](**! and
[0, 1]", which play important role in compression and reconstruction of digital image [2][4],
with this we want to direct our intention toward other interpretations in image processing.
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