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ABSTRACT

Throughout this paper we introduce the concept of prime ideals, maximal
idealsand bi —idealsin G- near - rings obtaining some characterizations and their
links. Weintroduce that if M is G- near —-ringwhichforag | M existsan element

whichis g - unit then every maximal ideal | of M is primeideal.

INTRODUCTION

Let’s consider M and Gas two non-empty sets. Every map of M x GXx M in
M is caled Gmultiplicationin M and is denoted as (.) . The result of this

multiplication for elementsa, b1 M and g1 Gisdenoted ag b.

According to Satanarayana[2], G- near-ring is a classified ordered triple
(M, +, (35 ) whereM and G are non empty sets, + isaadditionin M, while (3 5 is
G- multiplication on M satisfying the following conditions:
(M, +) isagroup.
" (a b, c a,b)T M3*xG?, (aab)bc = aa(bbc).
" (abca, )l M3xG (a+b)ac=aac + bac.
Example 1. [2].Let (G, +) be agroup, X anon empty set and M a set of al the
mappings of X in G. The ordered pair (M, +), where + is a addition of mappings of
X in G defined by the equdlity:

(f+9)(x) = f(x) + g(x)

isanon abelian group when G is non abelian. Let Gbe a set of all the mappings of
G and X. If the product of fggisdefined by f ogo gfor every f, gT M and every
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gl G thenitisdefinedin M a G- multiplication, (3 such as for every three
elementsfy, f,, f3 of M and every two elements a, b of Gthe equalities are true:

fia(fbfs) = (faaf)b fs,
(fl + fz)af3 = f,afs + frafs.

Consequently, (M, +, (3¢ is G- near-ring.

Example 2. If in example 1 the set X is the retainer of G’ of group (G’,+), M is the
set of all the mappings of G in G’ such as f(0) = 0 and G is the set of al the
mappings of G’in G, again M is a G-near-ring in relation to the addition of mappings
element per element and

Gmultiplication is defined by the general composition fo g og for every two
elementsf, g of M and every elementg 1 G

PRELIMINARY CONCEPTS

Definition 2.1.[3] Ideal P of Gnear-ring (M, +, (Jo) is called prim, or
primeif for every two ideals |, J of M it istrue the implication :

IGJI PP Ii PUJI P.

If My isasubgroup different from the empty subgroup F, then the intersection of all
the ided s that hold M isthe smallest ideal that holds M, and it’s called the ideal that
derives fromthe subgroup M; and it’s denoted (M,). If My ={a}, then ({a}) iscaled
primary ideal derived fromthe element al M and it is denoted simply (a).

Definition 2.2.[1] A Gnear-ring (M, +, (Jo) it’s called prime if zero ideal {0} = 0
isprimeideal.

Definition 2.3. A G-near-ring (M, +, (¥¢) iscalled prime if there are no other ideals
except the zero ideal, 0 = {0} and M, which are called not proper ideals, meanwhile
every other ideal different fromthemis called proper ideal of M.

Definition 2.4. Ideal | of G-near-ring M it’s called maximal ideal if I * M and for
everyJof M, 11 Jp J=MUJ=1.

It’s very clear that ideal | of Gnear-ring (M, +, (3¢) ismaximal ideal only when it is
the maximal element of the group ideals of M different from M itsalf.
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Definition 2.5. Prime minimal ideal of ideal | of G-near-ring M it’s called every
minimal  element in the primeideal s group that containing ideal | ordered by
inclusion.

Here we will give concepts and we will present the same auxiliary propositions,
which we will use further in the presentation of the main results of the proceeding.

Let (M, +, (3¢) be aG-near-ring and A, B two subsets of M. We define the set
AGB ={agbl M/a bl Mandgl G}.
For simplicity we write a@B instead of {a} GB and similarly AGb instead of AG b} .
Also for every g1 Gwe define

AgB={agbl M/abl M}

and for smplicity we write agB and A gb respectively instead of {a} gB and AQ
{0}

In [4] is define the set aswell as

AG*B={ag(a+b)-aga’/a,a’T A, gl Gbl B}

Definition 2.6. [6]. A G-near-ring M is called zero — symmetricif for everyal M
and for

every g1 Gwehaveagb = 0.

G-near-ring of example 2.is G- near-ring zero — symmetric, whereas the one of
example in general is not zero-symmetric.

Definition 2.7 [4]. Let (M, +, (3¢) be a G-near-ring. A subgroup B of group

(M, +) is called bi-ideal of M if BGMGM C (MGV)G* Bi B.

Definition 2.8. A G-near-ringis called B-smpleif there are no bi-ideal different
from

zero and from M.
Definition 2.9. A bi —ideal B of G- near-ring is called minimal if it is different from

zero and it doesn’t contain any bi-ideal different from zero or from B itself.
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PRIME IDEALSAND BI-IDEALSIN G- NEAR-RINGS

Theorem 3.1 Let P be an ideal of G-near-ring M. The following conditons are
equivalent:

1) Ideal Pisprime.

2) For every two ideals I, J of M we have the implication:

Iy PUJI PP IGI P,

3) For every two elementsi, jof M, " (i,j)T M2iT PUjT PP ()Qj)E P.
4) For every two ideals|, Jof MwehaveP1 TUPIT Jb 111 P.
Proof. The equivalence 1) U 2) isvery clear.

2) b 3) We suppose that 2) istrue. Let i, j beto elementsof M suchthatil P and
j1 P.Hence (i) E PU(j) E P and therefore from 2), (i) G(j) E P.

b 4IfPI landPl J wefindtheelement i1 I\Pand element jT J\P. So, i
I PUjT Pandtherefore dueto 3) followsthat (i)&(j) E P.

4) b 2) We suppose that the proposition 4) istrue. If | E P UJE P, then elements
il \WPandjT J\P exist. Hence we have

Pi ()+PUPI ()+P
And therefore dueto 4) ,

(M) +P)G{)+P) I/ P.
Hence, dementsi¢l (i), j¢l (), pT P, p¢l P,gl Gexist such that

(ic+ p)ojc+py 1 P.
Hence
ig¢+ pd - ige+igpe+ pg(j¢+pd 1 P.
Hence, since
ig(jec+pd - igel PUpgj¢+pdl P

thereforeigj¢i P.Sol GJ I/ P, this means 2) istrue.
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If (Pa)ai aisafamily of primeideals of Gnear-ring (M, +, G ordered by inclusion,
therefore the intersections:

P=PR

al A

is a prime ideal. To demonstrate what we have been saying until now, initially we
line the A group by the equivalence

atb U P,i P,
It si very clear that P isanideal of G-near-ring M.

Let I, Jbetwo ideals of M such that

1GJI (P

2
al A

So, forevery a1l Awehavel GJI P, Ifitexissaal Asuchthat | I/ P,,

therefore since P, is a prime ideal, J | P,. Hence, for every b3 a, Ji P, If it
existsal <a suchthat

J I/ Py, therefore since P, isaprimeidea, |1 | P, and therefore | | P,, that is a
contradiction. Hence, we have :

"al AJI P,

therefore Ji (| P, , meaningthat P=J1 ()P, isaprimeideal.
al A al A
Corollary 3.2 If Gnear-ring M isasimple, then M isprimeor M GM = 0.
Proof. If I, J are two ideals of M, thereforesince M issimplewehave | =M or| =0
and J=M or J = 0. Hence, if we have for theideds |, J of M the equation 1 GJ =0,

thenl =0UJ=0o0r1=J=M.If1=0UJ=0, thenM isprime. If | =J=M, thenM
GM=0.

Corollary 3.3. Ifideal | of G-near-ring M ismaximal, then itisprimeor M GM = 1.

Corollary 3.4.If (M, +, (J¢) is a Gnear-ring such that for a g1 G thereis an
element which is g-unit, then every maximal ideal | of M is prime.

Proof. If for onegl Gthe element e is g-one of M, then MgM = {mygmy, | my, my 1
M} =M because for every mT M, m = mge. Hence, since M * | the equation is not
trueM GM = 1. By thecorollary 3.2theidea | isprime.
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Corollary 3.5. For every ideal | of Gnear-ring M exists prim minimal ideal of I.

Proof. We denote by P the group of primeideals of M containing I. This group is
not empty because only M is a prime ideal that contains I. The intersection of all
these prime ideals that contain the ideal | is pricesily the minimal prime ideal of
ideal | becauseit isincluded in every primeideal that containstheided |I. |

Proposition 3.6. Let (M, +, (3¢) be a G-near-ring zero-symmetric. A subgroup B of
group (M, +) isbi-ideal of M in that case and only then BGMIGB I B.

Proof. LetB beabi-ideal of M, that isto say BGMGB C (BGM)G* B B.
Since M is zero — symmetric, form1 M, g1 Gandbl B we have:

mgb=mg (0+b)-mg0T (MG)* B thatistosay MGB i MG* B. Thisway are
true the inclusions: BGVGB | (BGMGB) C (BGM)* B i B and consequently
we have

BGVGB | B.

CONCLUSION:

As stated previoudly, this paper we introduced the concept of prime ideals,
maximal idealsand bi —idealsin G- near - rings obtaining some characterizations
and their links. We asointroduced that if M is G- near -ringwhichforag| M

exists an element which is g - unit then every maximal ideal | of M isprimeideal.
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