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ABSTRACT
The notion of intuitionistic fuzzy sets was introduced by Atanassov as a

generalization of the notion of fuzzy sets. In this paper, using Atanassov idea, we
give some properties of intuitionistic fuzzy hyperideals and intuitionistic fuzzy bi-
hyperideals in a semihypergroup. We use the intuitionistic fuzzy left, right, two-
sided and bi-hyperideals to characterize the intraregular semihypergroups,
generalizing some known results of intra-regular semigroups.

1. INTRODUCTION AND PRELIMINARIES

Hyperstructure theory was born in 1934 when Marty [1] defined hyper groups,
began to analysis their properties and applied them to groups, rational algebraic
functions. Now they are widely studied from theoretical point of view and for their
applications to many subjects of pure and applied properties. In 1965, Zadeh [2]
introduced the notion of a fuzzy subset of a non-empty set X, as a function from
X to [0,1]. After the introduction of the concept of fuzzy sets by Zadeh, severa

researches conducted the researches on the generalizations of the notions of fuzzy
sets with huge applications in computer, logics and many branches of pure and
applied mathematics. Fuzzy set theory has been shown to be a useful tool to
describe situations in which the data are imprecise or vague. Fuzzy sets handle such
situations by attributing a degree to which a certain object belongs to a set. In 1971,
Rosenfeld [3] defined the concept of fuzzy group. Since then many papers have
been published in the field of fuzzy algebra. Recently fuzzy set theory has been well
developed in the context of hyperalgebraic structure theory. A recent book [4]
contains a wealth of applications. In [5], Davvaz introduced the concept of fuzzy
hyperideals in a semihypergroup. But in fuzzy sets theory, there is no means to
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incorporate the hesitation or uncertainty in the membership degrees. As an important
generalization of the notion of fuzzy sets on anon-empty set X , in 1983, Atanassov
introduced in [6] the concept of intuitionistic fuzzy sets on a non-empty set X
which give both a membership degree and a non-membership degree. The only
constraint on these two degrees is that the sum must be smaller than or equal to 1.
The concept has been applied to various algebraic structures. Since then, the notion
of Intuitionistic Fuzzy Sets has been explored by researchers and a number of
theoretical and practical results have appeared. Intuitionistic fuzzy sets as a
generalization of fuzzy sets can be useful in situations when description of a
problem by a (fuzzy) linguistic variable, given in terms of a membership function
only, seems too rough. The relations between intuitionistic fuzzy sets and algebraic
structures have been already considered by many mathematicians. In [10], using
Atanassov idea, Davvaz established the intuitionistic fuzzification of the concept of
hyperidealsin a semihypergroup and investigated some of their properties. Recently
in [11], using the intuitionistic fuzzy left, right, two-sided and bi-hyperideals we
gave a severa characterizations of the regular semihypergroups.

In this paper, we will use the intuitionistic fuzzy left, right, two-sided and bi-
hyperideals to characterize the intra-regular semihypergroups. Since intuitionistic
fuzzy sets theory is a generalization of fuzzy sets theory, the fuzzy sets can be seen
as a specia situation of the intuitionistic fuzzy sets.

Recall first the basic terms and definitions from the hyperstructure theory.
Definition 1.1 A map o:H" H ® P (H) is called hyperoperation or join

operation on the set H , where H is a nonempty set and P"(H) = P(H)\{/&
denotes the set of all nonempty subsets of H .

Definition 1.2 A hyperstructure is called the pair (H,0) where o is a
hyperoperation ontheset H .

Definition 1.3 A hyperstructure (H,°) is called a semihypergroup if for all
X,Y,z1 H, (Xoy)oz=Xo(yo2z), which meansthat

Uu02= UXOV.

Ul xoy v yoz

If xI H and A B are nonempty subsetsof H then
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AoB= (] ach,Aox=Ao{x}, and xoB={x}-B.

a Abl B

Definition 1.4 A non-empty subset B of a semihypergroup H is called a sub-
semihypergroup of H if BoBl B and H is called in this case super-
semihypergroup of B.

Definition 1.5 A nonempty subset | of a semihypergroup H is called a right
(Ieft) ideal of H ifforall xI H and rl I,

roxi I(xeri 1),

A non-empty subset | of H iscaled a hyperideal (or two-sided hyperideal)
if it is both aleft hyperideal and right hyperideal.

We cal a semihypergroup (H,0) a regular semihypergroup if for every
xI H,xT xo yo X, for some yT H . Hence every regular semigroup is a regular
semihypergroup. We call asemihypergroup (H,0) anintra-regular semihypergroup
if for every xI H,x1 yoXoXoz, forsome y,zl H.

Atanassov introduced in [1, 2] the concept of intuitionistic fuzzy sets defined
on anon-empty set X as objects having the form:

A={{(xm, (0,1 () [xT X},

where the functions m,: X ® [0,1] and | ,: X ® [0,1] denote the degree of
membership (namely m,(x)) and the degree of non-membership (namely | ,(x))

of each dlement x1 X totheset A respectively, and O£ m,(X) +1 ,(x) £1 for all
xI X.

Obviously, each ordinary fuzzy set may be written as
A={(xm,().1- M) [x] X} .
Let A and B betwo intuitionistic fuzzy setson X . The following expressions

aredefinedin[7, 8, 9].
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1. Al B ifandonlyif m,(x) £m(x) and | ,(x)3 | 5(x) foral xI X.
2. A=Bifandonlyifif Al B and Bi A.

3. A" ={(x,] (¥, mX))|xT X}.

4. AC B ={{x,min{m,(x),m; ()}, max{l ,(x),1 5(})|xT X}.

5. AE B ={(x,max{m,(x),m; (0}, min{l ,(x),! g ()})|xT X}.

6. DA={(x,m,(x),1- m,(x))|xT X}.

7. AA={(X1- | ,(0,1 A(0)[x] X}.

For the sake of simplicity, we use the symbol A= (m,,l ,) for intuitionistic
fuzzy set A={({x,m,(x),1 ,(x))|xT X}.

Definition 1.6 Let A B be two intuitionistic fuzzy sets in semihypergroup H ,
then

AC B ={(x,min{m,(x), m, (x)}, max{l ,(x),1 g (X)})|xT H},

A* B ={(X,Myg(X),| ng)|xT H}

where

i$p{m|n{mA(y),rrh(z)}} |f XT on
mA*B(X) = 1 N yoz .
0 otherwise

inf {max{l (). a(2)}} if xI yoz

yoz

o) = |3
e %1 otherwise

Definition 1.7 Let H be a semihypergroup. An intuitionistic fuzzy set
A=(m,,Il ,) in H iscalled anintuitionistic fuzzy semihypergroup in H if for all
Xyl H,
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zirrlfy{m“(z)}3 min{m,(x), \(y)} and sup{l A(2)} £ max{l ,(X),1 A(¥)}.

Zl Xoy

Definition 1.8 Let H be a semihypergroup. An intuitionistic fuzzy set
A=(m,,I| ,) in H iscalled aléft (resp. right) intuitionistic fuzzy hyperideal of H
if for all x,yT H,

1 M) £ inf {M\(2} (resp. MOO £ inf (M, (2)).

2. sup{l A(V)} £1 A(Y) (resp. ?JQ{' A(DFET A(X)).

2l Xoy 2 Xo

An instuitionistic fuzzy set A in H is called an intuitionistic fuzzy two-sided
hyperideal of H if it is both an intuitionistic fuzzy left and an intuitionistic right
hyperideal of H .

Definition 1.9 Let H be a semihypergroup. An intuitionistic fuzzy set
A=(m,,l ,) in H is called an intuitionistic fuzzy bi-hyperideal of H if for all
x,y,zl H,

tTixng Z{nl\(t)}3 min{m, (x),my(2)} and sup {I A(t)} £ max{l ,(x),!I »(2)}.

tl Xoyoz

Let A be asubset of asemihypergroup H , then we denote

A={(x,m(x),] () [xT H}

where
m(x)_i,l ifxT A
A _%0 otherwise
10 ifxl A
[ -(X)={
A% %1 otherwise
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Obvioulsy A is an intuitionistic fuzzy set in H . Obviously, semihypergroup H
also can be seen as an intuitionistic fuzzy set H ={(x,1,0)|xI H}. Throughout

the paper we will use H represent H and Iq it is easy to see their mean from
context.

Lemma 110 [11] Let A=(m,,|,) be a non-empty subset of a
semihypergroup H , then

1. Aisasubsemihypergroup of H if and only if A is an intuitionistic fuzzy
semihypergroup of H .

2. Aisaleéft (resp. right, two-sided) hyperideal of H if and only if Aisan
intuitionistic fuzzy left (resp. right, two-sided) hyperideal of H .

Lemma 111 [11] Let A=(m,,|,) be a non-empty subset of a

semihypergroup H . A isa bi-hyperideal of H if and only if A is an intuitionistic
fuzzy bi-hyperideal of H .

Lemma 1.12 [11] An intuitionistic fuzzy set A in a semihypergroup H is an
intuitionistic fuzzy semihypergroup of H if and onlyif A* Al A.

Lemma 1.13 [11] For an intuitionistic fuzzy set A of a semihypergroup H ,
the following conditions are equival ent:

1. Aisanintuitionistic fuzzy left hyperideal of H .
2. H*Al A.

Lemma 1.14 [11] For an intuitionistic fuzzy set A of a semihypergroup H ,
the following conditions are equival ent:

1. Alisanintuitionistic fuzzy right hyperideal of H .
2. A*HI A.

Lemma 1.15 [11] For an intuitionistic fuzzy set A of a semihypergroup H ,
the following conditions are equival ent:

1. Aisanintuitionistic fuzzy two-sided hyperideal of H .
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2. H*Al Aand A*HI A.

Lemma 1.16 [11] For an intuitionistic fuzzy set A of a semihypergroup H ,
the following conditions are equival ent:

1. Alisanintuitionistic fuzzy bi-hyperideal of H .
2. A*Al Aand A*H* Al A.

Lemma 1.17 [11] Let A be an intuitionistic fuzzy set in a semihypergroup H
and B be any intuitionistic fuzzy bi-hyperideal of H. Then A* B and B* A are
both intuitionistic fuzzy bi-hyperideal of H .

Lemma 118 [11] Every intuitionistic left (right) hyperideal of a
semihypergroup is also an intuitionistic fuzzy bi-hyperideal.

Theorem 1.19 [11] Let H be a semihypergroup. Then the following
statements are equivalent:

1. H isregular;

2. B*C =BC C holdsfor every intuitionistic fuzzy right hyperideal B and
every intuitionistic fuzzy left hyperideal C of H .

2. CHARACTERIZATIONS OF INTRA-REGULAR SEMIHYPERGROUPS

In this section we shal give a characterization of an intra-regular
semihypergroup by intuitionistic fuzzy right hyperideals and intuitionistic fuzzy |eft
hyperideals.

Theorem 2.1 Let H be a semihypergroup. Then the following statements are
equivalent:

1. H isintra-regular;
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2. ACBI B* A holds for every intuitionistic fuzzy right hyperideal A
and every intuitionistic fuzzy left hyperideal B of H .

Proof. Let us first assume (1) holds. Let A be an arbitrary intuitionistic fuzzy right
hyperideal, B any intuitionistic fuzzy left hyperideal of H and a be an arbitrary
element of H. Since H is intraregular, there exist elements X, yT H such that
al Xoacaoy. Thenwe have

M2 (@) = sup{min{m, (y),m.(2)}}

3 min{tiigfxrrg(t),siira\fy”k(s),}
3 min{m, (a), m,(a)}

=My5(a),

l B*A(a) = aiirz/]:z{maX{l B(y)!l A(Z)}}

£ max{supl 4(t), sup! A(5).}
tl aox g acy

£ max{l ,(a),! ,(a)}

= ACB(a).

Then weobtain ACBI B* A.

Conversely, let P be any right hyperidea and Q be any left hyperideal of H ,

a be an arbitrary element of PCQ . Then by Lemma 1.10, F~>6 are an
intuitionistic fuzzy right hyperideal and an intuitionistic fuzzy left hyperideal of H
respectively. Sowehave PC Q1 Q* P and

Sup{min{ My () M (211} 1.5 (@) (@) = min{my (a), my (@)} =1
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;iryzz{max{' s (DM E55@) £1 5.5(0) =maxl 5(a).| 5(a)} =0.

This means that there exist elements b,cl H,al boc suchthat
r‘rb(b):l,r‘q;(c)=1,l 6(b)=0,| 5(c)=0.

Thus al bocl QoP, so we have Q*PI QoP . Since the converse
inclusion always holds, we obtainthat QC P=QoP. So, H isintra-regular.

Theorem 2.2 Let H be a semihypergroup. The following statements are
equivalent:

1. H isbothregular and intra-regular.
2. A* A= A for every intuitionistic fuzzy bi-hyperideals A of H .

3. ACBI (A*B)C(B* A) for all intuitionistic fuzzy bi-hyperideals A
and B of H.
4. ACBI (A*B)C(B* A) for every intuitionistic fuzzy bi-hyperideal A
and every left hyperideal B of H .
5. ACBI (A*B)C (B* A) for every intuitionistic fuzzy bi-hyperideal A
and every intuitionistic fuzzy right hyperideal B of H .
6. ACBI (A*B)C(B* A) for every intuitionistic fuzzy right hyperideal
A and every intuitionistic fuzzy left hyperideal B of H .
Proof. It is clear that (3) implies (4), (4) implies (6), (3) implies (5), (5) implies (6)

and (3) implies (2). So we will prove that (1) implies (3), (6) implies (1), and (2)
implies (1).

Firgt, let us assume that (1) holds. In order to prove that (3) holds, let A and B
be any intuitionistic fuzzy bi-hyperideals of H , and a an arbitrary element of H .
Then, since H is regular, there exists an eement xI H such that
al aoxecal aoXoaoxeca.

528



“1% International Symposium on Computing in Informatics and Mathematics (ISCIM 2011)”

in Collabaration between EPOKA University and “Aleksandér Moisiu™ University of Durrés
on June 2-4 2011, Tirana-Durres, ALBANIA.

Since H is intraregular, there exist eements y,ZT H such that
al yecacaoz. Thuswe have

al aoxcal aoxocaoxoal aoxo(yoacaoz)oxoa=(aoXoyoa)o(aozoXxoa).

Since A and B are both intuitionistic fuzzy bi-hyperidealsof H , we have

Jinf M0 min(m,(a),m, ()} = m,(a),

_inf - my(t) * min{m, (&), m, (&)} = m,(a).

tl @oxoyoa

And
~Sup I A(t) Emax{] A(a),] ()} =1 A(a),
sup | g(t) Emax{l g(a).] z(a)} =1 5(a).
Thus we have

Mg (8) = sup{min{m, (p), m;(a)}}

al peq

s m n{ﬁ ai\orgfyoa rrk(t), d :Elcgfma rns (3)1}

* min{m, (a), m;(a)}

=My5(a),

| ne(@) = aijr;f)q{maX{' A(P)] g (a)}}

£max{ sup | A(t), sup |5(s).}

tl acxoyoa g aozoxoa

£ max{l ,(a),l z(a)}
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=1 xce(@).
and so we have
ACBI A-B.
In similiar way it can be shown that
ACBI BoA.
Thus we obtain
ACBI (A*B)C(B*A).
and that (1) implies (3).

Let us now assume (6) holds. Let A and B be any intuitionistic fuzzy right
hyperideal and any intuitionistic fuzzy left hyperideal of H , respectively. Then we
have

ACBI (A*B)GC(B*A)l (B*A).
Then it follows from Theorem 2.1 that H isintra-regular. On the other hand,
ACBI (A*B)C(B*A)l (A*B).
By Lemma 1.13 and Lemma 1.14 we obtain
A*BI A*HI Aand A*Bi H*BI B,
andwehave A*Bi AC B. Thuswe obtain that
A*B=ACB.

Thus it follows from Lemma 1.19 that H is regular. Thus we obtain that (6)
implies (1).

Finally, let us assume that (2) holds. In order to prove that (1) holds, let C be
any bi-hyperideal of H, and a any element of C. Since it follows from Lemma

that C isan intuitionistic fuzzy bi-hyperidea of H , we have
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sup{min{my (p). (@)} }* M. ()° M () =1
inf (max{1 <(p)! (@)} £1 2c(@ £1 5(2) =0

Thisimpliesthat there exist elements b, cl H with al boc suchthat

me(b) = m(c) =1, <(b) =1 (c) = 0.

Then we have

and so we have
Cl CoC.

Since C is a bi-hyperideal of H , the converse inclusion always holds. Thus
we obtain that

C-.C=C.

Then it follows from Lemma 1.11 that H is both regular and intra-regular.
Therefore we obtain that (2) implies (1). This completes the proof.

CONCLUSIONS

In this paper, continuing our study initated in [11], we have characterized
another class of semihypergroups, thats of intra-regular semihypergroups through
intuitionistic fuzzy left, right, two-sided and bi-hyperideals. The main results of the
paper are those described in Theorems 2.1 and 2.2 generaizing some known results
obtained for intracregular semigroups directly in semihypergroups using
intuitionistic fuzzy sets.
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