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Abstract

One version of Mcshaneintegral with respect to abasis for the function with value
in Dedekind complete Riesz space is mtroduced. The fundamental theorems of
caculusfor the My —integral are proved

K eywor ds:Mcshane and Henstock integration ,Riesz spaces,Derivation
basis,Fundamental theorem of calculus

Introduction and preliminaries

In this paper we introduce the M cshane integration of Riesz-valued functionsin the
case of the derivation basis.We demonstrate also the classic fundamental theorems
of Calculus.The paper is structured as follow.In Section 2 we recall some
fundamental concepts related to Riesz spaces and derivation bases.In Section 3 we
investigate some basic properties of Mcshane integral with respect to 2 Rasis.!n
Section 4 we demonstrate the classic Fundamenta theorems of Calculus,

Definition2. ] We sav that a net [:'-"Iﬁn}ﬂr.l."(ﬁ.ﬁ' comverees (or short (o) =
converges) ioreR if there exists an (0) — net {pﬁ]{#I_ﬂ.w-urf_uﬁ-,u};;; |rg = r| <

pp for each ffeA we shall writeIn s caser = (e)limg rg.dn case A= N we get
agefinition of (o) comvergent SeqQuence.

Definition2.2 We sav that a net (rg) i is (1) — converges for reR if there

exists fed so that [rg — r| < eu for af § = fy.dncase A= N weget the
definition of (r) convergent sequernce.
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Definition2.3 4 Dedekind complete Riesz space is said to be regular if it satisfies
property o and if for each sequence (1, )y in R.order convergent o zerothere
exists a seauience (ky )y,

of pasitive numbers wiin limy, k,, = +o,such that the sequence (i, 73, ), is order
comvergenl o Zero.

Proposition 2. 4[4](Theoreml,p.350) /n a regular Riesz space the (o) —
convergence is equivalent to the(r) — convergence .

An interval is always a compact nondegerate subinterval of R.if E = R .then
|E |denotes the Lebeszue measure of E.

A collection of intervals is called non overlapping if their interiors are pair wise

disjointed. Lét be [a, bla fixed intarval of R and 2 the family of all subintervals of

[a, b]. An M—basison [a, b]

Is by definition, any subset B(M) of Z x [a, b]such that (I, x)eB(M)implies xeE for

E [ab]

and is denoted with B, | E].Given a base B(M),an interval | is called a B(M) — interval

if (1,x)eB(M),for any xeE.We assume that [a,blisa B (M) — interval.For E#
andE [a, b]we denote by Ag the directed set of all posive rea —valued functions

defined on E and endowed with natural ordering:given two functions 6,and &, from

Agwesay 0, =9, if andonly if 8;(x) <&, (x) for every. xeE

A funksion &: E -+ |—oco, +oo[of Agisrreferred asagaugeon E.

For agiven gauge deA we denote

BIE] = {(I,x)eB(M):1  Ix —d(X),x + d(X)[, xeE}

We note that B; is also basis on [a, b] .

We say that abasis B(M) is a Vitali basis if for any deA and xe[a, b]the set B5[x] is
non empty.

LetbeE = B and E < [a, bl.A

finite subset P of B, [E] is called B(M) — decomposition on E if “or every distinct
elements(1'x") and { 1",%") of P the corresponding intervalsl’ and |"ase non
overlapping and E = U e |.If E = [a, b]we say that Pis B(M) — partition of

[a, b].

Given agauge d aBs(M) — decompositioniscalled 6 — fine . In this paper we
assume that each basis B(M)considered hereisa Vitali basis and has two partitions
properties:(a)For any B({M) — interval | and agauge 8 on | there exist a By (M) —
partion of L.If I;and l,are B(M) —intervalsand I, = I then I, \l; = Ui, l;where
I;are non overlapping B(M) — intervals.
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If f:[a,b] = Rand P={(];,§):i = 1,2,....., m}isapartitions of [a, b]the sum
Y1y F(£,) 11 [will denoted by S(f, Py

3 TheMcshane integral with respect to aBasis

WE now introduce a Mcshane integral type with respect to a basis for Riesz-space
valued functions.

Definition 3.1Let B{IM ) be a fived basis onla, b] . We sav that {2 [a, b] = R is
Mcshane imegrable on a B{M) - interval (B(H) - interval ) E  [a, b] wih
respect to B(M) (krief My — integrable) if there exist an element YeR swch that
infgea(sup{|Z o syep () 1| = Y|: Pis a Bs(M) — Partition of E}) = 0 (Dn this

casewewrite (My) J; T=V.

Proposition3.1 Lef R be a Dedekind complete Riesz space ,satisfying propersy
g.0Q c |a,b| he countable s, and f|a, b] — R be afunction, such that f(x) = 0
a, b|\Q.Then (Mg) jﬂh f = 0The prof of this preposition can adopted
without differences the prooi made by [2]for the Henstock integral.
Proposition 3.2Let R be a Dedekind complete Riesz space and solid \satisfying
property o.@ < [a,b]| bea set with |Q| = 0, and f:[a, b] — R be afunction,
such that J(x) = 3 for atl xela, bI\Q.Then (Mg) §° f = 0
Proposition3.3 Under the above condition, the function (is My =intesrerable on a
B(M) ~interval E if and only if

EE{.-:up{lS{f, P,) —B(f,P;)|: P, and P,are B(M) — partition oof E}| = |

for af xe

Taking in account of respective property for the Henstock-megra on Riesz space
(see[2]).we can prove the proposition.

Proposiion 3.4 If [a,b], [a,c] and [c,b] are B(M) <intervals and f'is Mg-
integrable on [a, ¢| and o [c, bl then fis also My —imntegrable on [a, b] and

b € b
(Mg) f=[M5r)j f+{ME)f  §

Proposition 3.5 If function f is My — integrableon a B —interval of  |a, b]thenfis
so Mg —integrable om any B(M) —imervals | [a, b

Definition 3.2 A function [ [a,b] = R hasthe property (o) — S "M (B)on a

B(M) —interval of [ a,b] .if
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Kom
inf |sup EZ[I’(:E) = f(s;)| Hindj|: By, P2 are Byonyy — partit .of I”

ﬂEu':'l.' o]
mb) =1 7=1

Where Py = {(Iit),i = 1,...k}and P, = {(};s;).j = 1, ...m}.
Lemma3.l[ 4] LetD = {(,t)i=1,..mland T=[/;,j=1,...m} oe
By — partition of [
Then D ={(Lin/it)i=1..kj=1,..ml ﬂf}] #(}
Is a By —partition of I and M(f,D) =S(f,D)
Corollasy 3.1 If fis Mg —integrable on | a,b] and F is its indefinite integral then

inf{ sup |f(x)[I| = F(I)|:is a Bg) — partition of [a,b] } =0
Fed | (1, x)ep

Proposition 3.6 Let R be Dedekind complete Riesz space A functionf:[ab] - R ik R is
a Mg —intecrable on a

B(M) — interval lof | a,b] ,if and only if, for the Bggyy — partitiom D D
={{nt)i=1,. . m}land E = E'U;-.tj}.j =-1, m} holels

Jnf {sup zzlffte)—f(s:-}ll-‘fﬁhll =0
i=1 =1

Propositiond.7 Let R &e¢ a Dedekind complete regular Riesz Space and f = 0 be
Mg — integrable on a B(M) — interval and solid E  |a, b]. Then there exist
the function g and h Mg — intergrable suchthat 0 <g=f<h

and there exist a directed nef (pg)ses suck that  (Mg) jE If —g| <ps

Proof. Contstruct the simple funksion

k=1 k
k-1 ; —‘ETHE_.PC(I]E:—R
fay={7
0 if contrary

Where k = 1,2,....,n2" and u unit element of R. We getthet [f(x) — fiup| < -;;u

(2)

We have that sequence fis (r) — convergent to f{x).If we write in aform
fu(x) = 3, ki yg,. We get that there exists B(M)-intervals S, and positive
elements cpeR such that flx) = ¥ ;-1 ¢y X5, for every xeE.Mcreover f is

integrable and 2 n=1Cn |Sul :J‘E f<+0o (3)
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Since 8, are Lebegue measursble there exist compact sets K, and open sets
Gpof la,b] N E that K, © §, © G, Andthere existsa = =0 suchthat |G,"
Kn| <€
we take ¢, |G, \K,| < E—”E— From the convergence of the series (2)we get

n+2
. U
dn+16nlSnl < Iy
Define g = %, & i, and h = 3l coxg,
Itiseasytonotethst g<f<h
and

=N i T q
h—g=3%i1ca Xy T Yi=n+1En X6, = 2i=1Cn Xopg, T Yi=n4+1Cn Xs,

4 The fundamental theeiems of Calculus for the Myg-integral

A function ¢ is said to be (o) —continuous at a point  xy ela, b] with respect
to basis -B(M)if inf:[swunf|w()]: {1, x,)eB[{xy}]}] = 0.Given E= @ and E < [a, blwe
say that the function ¢ is (o)-continuous on E if it is (o)-continuous at every point of E.
We sey that ¢ is(ut) — differentiable on E with respect o basis il there exists a function
O:E- R such that

inf

Jnf lsun[ ol :{I.x}EEIE]”,

BT (x)
The function g is called the (1} — derivative with respect to B{M).It is easv to prove that
(u} — derivative is determined uniquely.

Theorem4. 1Let R dea Dedekind complete Riesi space .B(M) o basisand ¢ he a R—vained
funetion on B (M) — interval Jf @ & (u) = differeniiable with respect to B (M) on
[, b] with derivagive g ther o js My —inteerable on |a, b).and

1]
| o =otabn

Proof. By {u) — differentiability of ' g in[a, b, there exists an (o) —net {paJaca.

Such that sup ”‘%? — ;ﬂ-{x}l : (1, x)eBz([a, b]jl} = (pa). ¥deh. Choose a d —fine partition
P={(lx):i=1,..,q} of [a b],vdeA.From the above inequality,we get 0 < |S(gpP) —
ola.bll = |ZL, ¢ x| — o] < Lol |52 - oo} < (2L Des =
(b —a)ps

Let us follow the idea of [5]for the function Mcshane integrable with real value to prove the
theorem:

Theorem4 2 Let R be ¢ rezular Riesz space,B a fixed basis f [g, | = B andd fetp be a
R—valued function on B —nierval,such that for some set @ < [a, b]with |2] = 0.1f the

587



“1% International Symposium on Computing in Informatics and Mathematics (ISCIM 2011)”
in Collabaration betwezr ZPOK.A {farvervine and “Aleksandér Moisiu™ University of Durrés
onJune 2-4 2011, Tirana-Durres, ALBANIA.

function f is (u) = derivative of ¢ on [a, b]\G with respect to B then f is Mcshane
integrablein [, bland

b
(My) = f f = o(la, b).

Proof. Since the Mcshane integrability by virtue of Propositien 2.2 does not depend on
values of f on aset of f measure zero,we assume f(x) =0 on Q.Let be @ = [a, b]\Q. We
cen use the Proposition 2.1.As [ is the (u) — derivative of ¢ in(}-.then there exist an
element nz 0 of £ u = 0such that for everv £ > 0 a gauge d,¢d,.can be found. If P =
{(px)i=12,....q) isa By [@] decomposition, then |||r,-|r(xt-} - cp{lfl-ﬂ = |leu
For alf i=1,..,q, Choose & net (pﬂ} such X7 |l| < & where I I, ...}, are non
overlapping intervals with X7, o(l;) < ;';pﬁ Moreover by (@) — continuity of ¢ with
respect to the basis i €} there exists a net (pﬁ:l that
sup{lgp(fu.vlx—d=u=sx=sv=d|)<py

We ohserve Fircreraer @) = 0 There is gauge 8, such that %, sepxeg 00 < py
Put  &(x) = min{&, (x), 8 (x) ). Then for every By partition P = [(I;, x)3:i= 12, ..., q)of
[a, ﬁ]-ﬁtﬁa.bl*we have 0= ”E?f.l”llf{.xl}l = ‘Pﬂﬂr‘b}” = |E?=1{||r|”—|:x|') - fF’“f}.Il =
| o el ) — @UD| + Eneqle U < ulb — a) + g

588



1% International Symposium on Computing in Informatics and Mathematics (ISCIM 2011)”

in Collabaration between EPOKA University and “Aleksandér Moisiu™ University of Durrés
on June 2-4 2011, Tirana-Durres, ALBANIA.

References

[1] Aliprentis Ch.D.,Border, K.C.,Infinite Dimensional Analysis, (1994), Spring
Verlag.

[2] Boccuto A.,Skvortsov,V.A.Hestock-Kurzweil type integration of Riesz-space-
valued functions and applications to Walsh series. Red,Analysis Ex-
change,Vol.29(1),2003/2004,419-439.

[3]Kurt D.S.,Swartz C.W,Theories of integration,World Scientific,Vol.9

[4]Mcgill P.Integration in vector lattices,J.london.Math.Soc.11(1975),347-360.

[5] Oh H.J.,Lee D.h.,Park Y.JRelation between generdized integration and
differentiation, J.Naturat.Sciences.Vo0l.8,17-25,1999.

[6]Schaefer H.H.,Banach Lattices and positive Operators,Springer Verlag,1974.

589



