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Some results on I'-near-field
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Abstract— In this paper we give some results on gamma-
near-fields through a new definition. We prove that a I'-near-
field is B-simple and for every a exists an element that is a-
distributive and for every 0 #meM exists an m’eM such that
m’a m 0.
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I.  INTRODUCTION
Let consider M and T" as two non empty sets. Every map of
M xT x M in M is called T"- multiplication in M and is denoted
as (). The result of this multiplication for elements a, b € M
and 7 e T is denoted ayb.
According to Satyanarayana [5] one T'- near-ring is a
classified ordinary triple (M, +, (-)r ) where M and I" are non

empty sets, + is a sum in M, while (-)r is T - multiplication on
M such that satisfies the following conditions:

1) (M, +)isagroup
2) V(ab,c, o B) e MXT? (aab)Bc = ac(bpc)
3) V(ab,c, a,)e MXT, (a+b)ac=aoc + bac

Example 1.1 [5]. Let (G, +) be a group, X a non empty set
and M a set of all the mapping of X in G. The ordered pair (M,
+), where + is a sum of mappings of X in G defined by the

equality
(f+9)(x) =f(x) +9(x)

is a non-abelian group when G is non-abelian. Let T" be a
set of all the mappings of G and X. If the product of fy g is

defined by the general composure of fo y o g forevery f, g e
M and every y € T, then it is defined in M a T" - multiplication,

()r such as for every three elements f;, f,, f; of M and every
two elements o, B of I the equalities are true:

fl(X(fzﬁfg) = (fl(xfz)B f3,
(f1 + fz)dfg = flafg + fz&f3.

Consequently, (M, +, (-)r) is one I - near-ring.
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Example 1.2. If in example 1 the set X is the retainer of
G’ of group (G’,+), M is the set of all the mappings of G in G’
such as f(0) = 0 and " is the set of all the mappings of G’in G,
again M is a I'-near-ring in relation to the sum of mappings
element per element and I'-multiplication is defined by the
general composition fo  og for every two elements f, g of M

and every elementy € T

Il.  PRELIMINARY CONCEPTS AND PROPOSITIONS

Here we will give concepts and we will present same
auxiliary propositions, which we will use further in the
presentation of the main results of the proceeding.

Let (M, +, (r) be a I'-near-ring and A, B two subsets of M.
We define the set

AlB={aybeM/abeMand yeT}

For simplicity we write al'B instead of {a}I'B and similarly
ATb instead of AI'{b}.

Also for every y e T" we define
AyB={aybeM/abeM}
and for simplicity we write ay B and Ay b respectively
instead of {a} » B and A y {b}.
In [10] is define the set as well as
Ar*B={ay (@’+b)-aya’/a,a’ €A, yerl,
b € B}

Definition 2.1. A TI-near-ring M is called zero -
symmetric if for every a e M and for every y e T we have

ayb=0.

I' -near-ring of example 2 is T'" - near-ring zero —
symmetric, whereas the one of example 1 in general is not
zero-symmetric.

Definition 2.2 [2]. Let (M, +, ()r) be a T'-near-ring. A
subgroup B of group (M, +) is called bi-ideal of M if
BI'MI'M n (MT'M)T * B < B.



Definition 2.3. A I'-near-ring is called B-simple if there
are no bi-ideal different from zero and from M.

Proposition2.4[2] Let (M, +, ()r) be aT -near-ring
zero—symmetric. A subgroup B of group (M, +) is bi-ideal
of M in that case and only then BCMI'B ¢ B

An e element of T"-near-ring M is called identity element
if foreveryae Mandevery y eI wehaveaye=eya=a.

It is very clear that when I" -near-ring M has an identity
element he is unique.

A T-near-ring M is called I'-near-field_if it has an identity
element, has at least one element different from zero and every
element different from zero has a unique inverse element,
meaning for every 0 = a € M exists a unique element ofa’ € M
such that aya’ =a’ ya=e forevery y eI, where g is an

identity element of M.

In the same way, a d element of T-near-ring (M, +, (‘)r)
will be called a. - distributive if for every two elements a, b of
M we have

do (a + b) =doa + dab.

My is a set of distributive elements of M, meaning that the
set of elements ae M such that for every b, ceM and every

yel wehave ay (b+c)=ayb+ayec.

IIl.  SOME RESULTS ON GAMMA-NEAR-FIELDS

We will define T'-near- field similar to the definition of T-
group given for the first time in [1].

Let (M, +, (-)r) be a T-near —ring and a is a fixed element
of TI. We define in M the operation (a) through the

equivalence a(a) b =aab. It is clear that the operation (a) is
commutative and distributive from the right in relation with the
sum + in M. Hence, we derive the near-ring ( M +(a)) that
we denote it simply M,,.

According to Sen and Saha [6] T"-semi-group is called the
ordinary pair (S, (-)r) where S is a non empty set and ()r I -
multiplication in S such that

V(a,b,c,a, f) € S®xI'?, (aab) fc = aa(bfc)

Ifin S’ for a fixed a. of T we define the operation (a) by
the equivalence a( )b = aab, then (S, («)) is a semigroup
which is shortly denoted S,,. At [6] is proved this proposition:

If S, is a group for a a.eT’, then S, is a group for every a
eTl.
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In case of T -near — ring it is not true the proposition
analog to the proposition that we just mentioned. In other

words, generally if for one o near-ring (M, +, () ) is a

near-field then it does not derive that for every Bel’, near-
ring (M, +, (B)) is a near-field. The point that we just made is
shown in this simple counterexample.

Counterexample [7]. If we take I" = Q and in the group of
sum of rational numbers (Q, +) we define the multiplication
with elements in the middle again rational numbers (-)q
through the equivalence a ¥ b therefore (Q, +, (-)g) is a I'-near—

ring. For a a #0 near-ring Q, = (Q, +,(a)) is near-field,
whereas for o = 0, Qo = (Q, +, (0)) is not a near-field.

Hence, in the analogy with I'-semigroups the natural
definition of near-field would be:

Definition 3.1.[7] A T-near-ring is called T"-near -field if
for every a € I, the near-ring

Mg = (M, +, (@ )) is near-field.

It is clear that when a I'-near-ring is a-near— field according
to [2] therefore it is T'-near-field according to the definition
3.1. Conversely, generally it is not true, as it is shown in this
counterexample:

Counterexample 2. [7]. Let (Q, +) be a sum group of
rational numbers and T' = Q* the set of rational numbers
different from zero. The set Q forms a I'-near-ring in relation
with the general sum of the rational numbers and TI-
multiplication (-)r if a 7 b is nothing but a usual production of i

a,beQand y e Q*

I'-near-ring ((M, +, ()o+) is I' -near- field according to
definition 3.1, because for every a € Q* near-ring

Qu=(Q +, (a)) is a field, consequently a near-field.

In fact, the ring (Q, +, (¢ )) is commutative, different from
the zero ring and every element a #0 of Q has a for a inverse

1
element the rational number — . But I'-near ring (Q, +, ()g»)
aa

is not a I'-near-field according to [1].

In fact, if this I-near-ring would be a I'-near-field
according to definition in [1], therefore it would have a unique
identity element e. Hence, for every 0 = a € Q we would have

1
o-o-e = q, that is to say e =— for every a.eQ*, something
a

1 1
that is in contradiction because we would have e = I = E M

Here are some results on gamma-near-rings throught these
new defition.
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Lemma3.2. Let (M, +, (-)r) be in a T'-near-ring zero-
symmetric that has more then one element.

The following propositions are equivalent:

0] T'-near-ring M is T'-near- field according to
definition 3.1.

(i) For every ael exists a 0 # d € M that is a-
distributive and for every m € M* we have
Mam =M

Proof. (i) = (ii). Given that M is I"-near-field, for every
ael, near-ring M,=(M+, (&)) is quasi-field. Hence,

(M*,(a)) is a group, one of which we are denoting with e.

The element ¢ is different from zero, because if e was zero for
every m = 0 we would have:

0
Element e is a-distributive since the equalities are true:
ea(a+b)=e () (a+b)=a+b=e(a)a+e(a)b=
eaa + eab

For every m € M* we have M*(a)m = M* and
consequently M*am = M.

Thus, Mam = M since ma0 = 0, because M is I'-near-ring
zero-symmetric.

Hence, is true (ii).

(ii) = (i). Let a be an element whatever of . For every
two elements a, b of M* exist elements a’, b’ of M* such that
b’(a)b =b’ab =aand a’(a)a = a’aa = b’. Therefore:

a’a(aab) = (@’cd)ab =b’ab=a=0
Hence we have:

az0Abz0=aab#0 )

Let d be an element a-distributive. Therefore it exists an
element ee M such that ead=d. Now we have:

(doe — d)ad = doead - dad = dod - dod =0
And consequently, due to (1), doe —d = 0 or likewise dae = d.
If m e M*, then:

da (eam —m) = doeam - dom = dam - dam =0
Thus, da(eam — m) = 0 and consequently, due to (1) we have
eam —m = 0. Hence, eam=m or likewise e(a) m=n.

In a similar way is shown that m(a)e:e. Thus, e is one of
near-ring M, = (M, +,(a)) .

Lastly, for every meM* exists a m’ such that m’am = e, or
likewise m’ (a) m = e. Hence,

M, = (M, +, (@) ) is near-field and consequently, since o is
an element whatever i, M is a T"-near-field.

Theorem 3.3. Let M be a T-near-ring zero-
symmetric that has more then one element. The following
propositions are equivalent:

(i) M is a T'-near-field
(if) M is B- simple and for every a. exists an element that

is a-distributive and for every 0 #meM exists an m’eM
such that m’a m 0.

Proof. (i) = (ii). We suppose that (i) is true. Let B be a bi-
ideal of M different from zero and b = 0 a element of B. It is
clear that MT'b < M.

On the other hand, since (M, +, (a)) is near-field it exists
identity element e and element b’eM i such that b’a b = ba b’
=e

Now for every meM we have

m = moe = ma (b’ab) = (mab”)ab € MI'b.

Hence M = M T b. In the same way it is proved that b TM

= M. From both equalities showed before we have M = M I'm
=(bI'M)I' (MI'b) cbI'MI'b < B. Hence

M = B. Thus M is B- simple. The one e of near-ring

(M, +, (a) ) is a-distributive since
e (a) (a+b):a+b:e(a)a+e(a)b. For every

m e M* exists an m’eM such that m’ (a) m=e=0. Thus,
the proposition (ii) is true.

(if) = (i). If (ii) is true, therefore firstly it exists an element
which is a-distributive for every a. In the other hand for every

meM*, Mam is bi-ideal of M since Mam is a subgroup of
group (M, +) and there are true all the insertions:

(Mam) 'MT" (Mam) < (MomI'MI'M)am < Mam

Bi-ideal Mam is different from zero because m’am = 0.
Hence, since M is B-simple, Mam = M. Now, due to Lemma
3.2, for every a, (M, +, (a)) is a near-field and consequently

M is I'-near-field.
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